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ABSTRACT: The orientation behavior of the three principal crystallographic axes, the a-, b-, and c-axes,
was estimated in terms of the orientation distribution function for poly(butylene terephthalate) (PBT)
crystallites with a triclinic unit cell. Despite a number of papers reported for the orientation of crytsallites,
this paper is the first successful trial for a triclinic unit system. For crystalline polymers with a triclinic
crystal unit, there are no crystal planes perpendicular to the a-, b-, and c-axes whose reflection cannot be
detected by X-ray diffraction techniques. Accordingly, the functions of the a-, b-, and c-axes must be
obtained from the method proposed by Roe and Krigbaum. In doing so, the orientation functions of the
reciprocal lattice vectors must be measured by X-ray diffraction for a number of crystal planes. But the
measurements are very difficult for crystalline polymers such as poly(ethylene terephthalate) (PET), nylon-
66, and PBT with the triclinic crystal unit, since the orientation functions for a number of crystal planes
are needed to calculate the orientation distribution function of a-, b-, and c-axes and the measurements
are very difficult. Among the three polymers, PBT is the lowest crystallinity, and their diffraction
intensities from most of crystal planes are very weak. Nevertheless, as the most difficult trial, the
orientation of crystallites and the orientation of the a-, b-, and c-axes were carefully estimated for an
uniaxially drawn PBT film in terms of orientation distribution function in order to check the limit of the
estimations. As the successful result, it was found that the c-axes oriented affinely with respect to the
stretching direction, and the a- and b-axes took a characteristic mode associated with the rotation of

crystallites around their own c-axis.

Introduction

Polymer molecules are intrinsically anisotropic in
physical properties such as mechanical and optical ones.
The physical anisotropy in bulk in relation to the
molecular orientation has been successfully used for
manufacturing textile fibers and polymer films by
means of mechanical drawing or rolling of the polymer
aggregates uniaxially or biaxially. The evaluation for
molecular orientation was proposed by Herman in terms
of orientation factor.! This factor is a sort of the second
moment of the orientation function. The estimation by
orientation distribution function of crystallites was
proposed by Roe and Krigbaum.2=* The mathematical
representation was given by an expansion of the dis-
tribution function in a series of generalized spherical
harmonics. This method has been very important to
obtain the orientation of the three principal crystal-
lographic axes, the a-, b-, and c-axes, of crystallites with
a triclinic unit cell in terms of the orientation distribu-
tion function. Except a triclinic unit system, there are
several papers for estimating orientation distribution
functions of the three principal crystallographic axes,
the a-, b-, and c-axes, of polyethylene, 56 poly(vinyl
alcohol),”® nylon-6,° and cellulose.®

For most of crystalline polymers with a triclinic unit
cell, however, there are no crystal planes perpendicular
to the a-, b-, and c-axes whose reflections can be detected
directly by X-ray diffraction techniques. Accordingly, a
number of the reciprocal lattice vectors of the crystal
planes are needed to estimate the functions of the a-,
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b-, and c-axes by using the method proposed by Roe and
Krigbaum.2=* The first trial was done for poly(ethylene
terephthalate) films by Krigbaum and Balta.l* However,
the trial was perfectly unsuccessful since the accurate
separation of an overlapped peak was impossible be-
cause of a weak X-ray source of their machine. Since
then, there has been no paper for the orientation of
crystallites with a triclinic unit cell.

Recently, Song'? reported interesting phenomena that
the orientations of their crystallites of PBT films
prepared under different condition and stretched with
different speeds were estimated in terms of the second-
order orientation factors by using lattice parameters of
the o and B forms proposed by Hall and Pass.’® The
characteristics were discussed in relation to the crystal
size, lattice spacing, and mechanical properties. Another
important papers for PBT have been published recently
in manufacturing aspects for the processing'#~16 and the
blends.t”

Based on the current topics of PBT, this paper is
concerned with the estimation of the three principal
crystallographic axes, the a-, b-, and c-axes, of PBT film.
Among crystalline polymers with a triclinic unit cell
such as poly(ethylene terephthalate) (PET), nylon-66,
and PBT, the evaluation for PBT is the most difficult
because of the lowest crystallinity. But the recent
development of a computer program for the separation
of an overlapped peak and strong X-ray source provide
a good evaluation of the orientation functions of the
reciprocal lattice vectors of several crystal planes with
high accuracy. Consequently, it becomes possible to
calculate the orientation function of crystallites as well
as the orientation functions of the a-, b-, and c-axes
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Table 1. Crystallinity and Melting Points of PBT
draw ratio(4) crystallinity(%) melting point(°C)

1.75 32 227
3.50 34 229

clearly on the basis of orientation functions of the
reciprocal lattice vectors.

Experimental Section

PBT pellets were furnished from Mitsubishi Chemical Co.
Ltd. The pellets of PBT were pressed at 250 °C under 0.5 MPa,
and the molded specimen was immersed into ice water
immediately. The thickness of all the specimens was about 600
um. The film was cut into strips of length 50 mm and width
10 mm. The strips were placed in a hot oven at 200 °C for 5
min and then elongated to the desired draw ratios. After
elongation, the specimens were maintained for 20 min to
promote crystal transformation from the § form to the o form
as much as possible and cooled to room temperature.

The weight crystallinity was calculated from the density
measured by a pycnometer in chlorobenzene—carbon tetra-
chloride as a medium, by assuming the densities of crystalline
and amorphous phases to be 1.396'® and 1.282 g/cm3°
respectively.

The melting point was estimated from the melting endo-
therms of the differential calorimerty (DSC) curves obtained
at a constant heating rate of 10 °C/min. Table 1 shows the
results. Very small increases in crystallinity and melting point
were confirmed with increasing draw ratio.

The X-ray measurements were carried out using a 12 kW
rotating anode X-ray generator (RDA-rA). By using the condi-
tion, the orientation distribution function of the reciprocal
lattice vector of the jth crystal plane was estimated from the
intensity distribution measured as a function of 20 (twice the
Bragg angle) at a polar angle 6; between the stretching
direction and the reciprocal lattice vector of the jth crystal
plane. The range of 6; is from 0 to 90°. The intensity curve
lery(08,0;) was decomposed into the contributions from the
individual crystal planes, assuming that each peak is a
symmetric Lorenzian function of 26 as shown in eq 1.

I°
Icry(eB!Oj) = z - 1
T 1+ (204 — 205)°1B]

where Ij° is the maximum intensity of the jth peak, and 20z is
the twice Bragg angle at which the maximum intensity of the
jth peak appears.

By horizontal scanning of the diffraction counter as a
function of 26g at a given polar angle 0;, the intensity can be
determined for the jth crystal plane (j = (110), (200), ...) may
be given by?°

20,
o, Very(06,0)) 40

T 20, R
Jo S, er(0.6;) d6g sin 6; d6

27g(cos 6)) = (2

where 6; and 6, are the Bragg angles at the two feet of an
isolated diffraction peak after the peak separation. The
orientation factor F, was expressed as

Flo= [."27q;(cos 0;) Py(cos 6)) do; ©)

Incidentally, the uniaixial orientation of crystallites with
respect to the stretching direction was confirmed by X-ray
diffraction pattern (end view) showing circular diffraction
rings.

Theory

Following Roe and Krigbaum,?=* a complete math-
ematical description for the orientation of crystallites
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Figure 1. Cartesian coordinates illustrating the gometrical
relation: (a) Euler angles 6 and 5 which specify the orientation
of coordinate O—U;U,Us; of the structural unit with respect to
coordinate O—X;X,X3 of specimen. (b) Angles 6; and ¢; which
specify the orientation of the given jth axis of the structural
unit with respect to the coordinate O—X;X,Xz. (€) Angles ©;
and ®; which specify the orientation of jth axis of the structural
unit with respect to the coordinate O—U;U,Us.

may be treated by using the orientation functions of the
reciprocal lattice vectors of crystal planes. Figure 1
shows the geometrical interrelations of two Cartesian
coordinates, O—X1X>X3 and O—U.U,U3 fixed within the
bulk specimen and crystal structural unit, respectively.
The orientation of the structural unit within the space
of the film specimen may be specified by using three
Euler angles, 6, ¢, and 5, as shown in diagram (a). The
angles 6 and ¢, which define the orientation of Us axis
of the unit within the space, are the polar and azimuthal
angles, respectively, and 5 specifies the rotation of the
unit around its own Uz axis. The orientation of the jth
axis with respect to the O—X;X,X3 is given by the polar
angle 6; and the azimuthal angle ¢; as shown in column
(b). Moreover, the jth axis within the structural unit is
specified by the polar angle ®; and the azimuthal angle
®; shown in column (c).

In accordance with Roe's analysis,* the orientation
distribution function w(6,¢,7) and gj(cos 6;) may be
expressed in a series of generalized spherical harmonics
and spherical harmonics, respectively, as follows:

w@en) =
> 33 WhnZime(®) expl—i(me + )} (4
=0 m=—1 n=-1

and

0 |

g;(cos 6)) = Z}

=0 m=

Q[ @) exp(=ime}  (5)
| |

where £ = cos 6 and & = cos 6;. W}, ineq 4 and Q. in
eq 5 are complex coefficients of the expanded series.
They are given by

27

W*Imn = éj,;zzﬂo ¢=0 (;T:Ow(e,d),r]) Zlmn(g) X
exp{i(m¢ + nx)} sin 6 d6 d¢ dyn (6)

and

i* l JT T m
= o Joodi(cos O8)[1G)
exp(imgy) sin 6;d6;d¢; (7)

Here, w(0,¢,17) and gj(cos 6;) are normalized orientation
distribution functions of crystallites and the reciprocal
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lattice vector rj of the jth crystal plane, respectively.
They are given by

02:r 02ﬂ‘/(‘)7(1)(0,¢,77) sin 6 d6 d¢ d77 =1 (8)

and

27 o .
S5 [ ay(cos 6,,¢y) sin 0,d6; dg; = 1 ©)
The function Zmn(&) is given by*15

a2t + 1 (= m)t(+ myr| 2
ZimnlS) _{ 2 (I-n) (I+ n)!}

zim(l _ g)z(m—n)(l + &.)(m +n)/2P(m—n,m+n)(§) (10)

I-m

where P{™ "™*"(z) is a Jacobi polynomial.

The function IT}"(&) is equivalent to Zmo(€) at n = 0,
which is the so-called normalized associated Legendre
polynomial.

21+ 1 (1 — m)] 2
—] P& (11)
2 (1+m)

H(C) =Zmo(8) = [
1

where PJ"(¢) is associated Legendre polynomials (not
normalized).

Let us consider a given jth reciprocal vector r; fixed
within crystallite. The orientation of ry may be specified
by two sets of polar and azimuthal angles (6;, ¢;) and
(®;, ®;) with respect to the Coordinates, O—X1X,X3 and
0O—U1U,Usg, respectively. The two sets of angles (6;, ¢;)
and (0©;, ;) referring to the vector rj are related as

sin 6 cos ¢, sin ©; cos @,
sin Hjsin & | =T(6,6,) sin ®jsin D, (12)
coS Hj cos ®j

where T(6,¢,n) is a linear transformation operator given
by the following matrix:

T(O.0) =
€0s 0 cos ¢ cos n — sin ¢ siny  —cos 6 cos ¢ Sin 5 — sin ¢ cos i sin 6 cos ¢

cos 0 sin ¢ cos 17 + cos ¢ siny  —cos 6 sin ¢ sin i + cos ¢ cos i sin 0 sin ¢
—sin 0 cos i sin 0 siny cos 0

(13)

With eq 13, a generalization of the Legendre addition
theorem gives the following relations:

12 |
) Z Zlmn(g) X

n=-I

m(Ci) exp{img} = (2I 1

exp{i(m¢ + nn)} ﬁ(cos ©;) exp{in®;} (14)
1

Multipying both sides of eq 12 by w(6,¢,17) and gj(cos
0;) and integrating over all angles, 0, ¢, n, 6;, and ¢;,
one can obtain the following relation:

12 | n
N =2 W cos @) exp{in®,
| {2' + l} nZI Imn |T|( J) p{ J}
(15)

The complex coefficients W}, ineq 4 and Q) ineq5
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may be written as follows:

W*Imn = Almn + iBImn (16'1)
I = Al + iB! (16-2)
m Im Im

For uniaxial stretching, unite vectors Uz and r; take
random orientation for ¢ and ¢; with respect to the Xs
and m = 0.

Considering the symmetric properties of Zjon(§) with
respect to the indice n, we have

Zion(8) = Zino(§) = (—1)"Zino(§) = (— 1)"Zn(8)  (17)

and
[1© =@ (18)
I I

On the other hand, the Jacobi polynomials have the
following symmetry with respect to the variable &

Pf(fﬁ)(g) = (—1)I_nPVi‘§)(_§) (19)
so that

Z1n0(®) = (1) 7"Z,0(&) (20-1)

[1©=CEDT]ED =D T8 (20-2)
| | |
I(E) = (-1)'T(-§)

We shall take the symmetries of the orientation distri-
bution functions of r; within the specimen as follows:

(20-3)

g;(cos 6;) = qg;(—cos ) (21)
In this case, | must be even. Hence B{O must be zero.
Considering eqgs 16—21, eq 15 reduces to

|
Al = {AolTj(cos ©;) + 2 (Ayp,C0S ND; —
=
n

Byon SiN N®)) |_|(cos )} (22)
|

Furthermore, eqs 4 and 5 reduce as follows:

I o |
w(0,n) = ;AIOOHI(E) + ; ) (—1)"(Ayp, cos Ny +

Bion sin np)[](6) (23)
|
and
gy(cos 6)) = ;A.OJH.<@j> (24)

The coefficients Ajon, Bion, and A‘IO may be considered
as a sort of orientation factors, indicating an average
degree of orientation distribution. To use the well-
known description, one can define the generalized
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orientation factors as follows:2%22

|+ )| 2
o= {252 0 g, @5
I — ) 22
G'IOn {ZI;_]-EI +n;!} 4'77:ZBIOn (25'2)
F{oz{z' T 1}1/22nA{0 (25-3)

By using eq 25 and eq 11, egs 22—24 may be rewritten
as follows:

Flo = FiooPi(cos ©)) + 2
10 10071 i 40+ n)

Gg, Sin N®;)P,"(cos ©;) (26)

47’ w(0.m) = 22\4{ FiooP1(8) +
L (I —n)!
2n_ 4+ 1) ————(Fyon €0S Ny + Gyg, SiN N7)PJ(E) \ (27)
and

27g:(cos 0)) 1+2Zw 2|+1FjP(§) (28)
7q;(cos 0;) = — —_— :
q; V=5 2 5 10 I\sj

With F}y, ©;, and @; thus determined for the jth crystal
plane, the coefficients Fion and Gjo, can be calculated
by solving simultaneous equations of eq 26, changing j
up to at least 21 + 1. In turn, the orientation distribution
function of crystallites, w(6,17) can be determined from
eq 28 with the approximation of finite series of expan-
sionuptol = (j — 1)/2 (j: odd and I: even), instead of
the infinite series of expansion. From experimental
viewpoint, however, the measuring accuracy of l¢(20g,6;)
in eq 3 and, consequently, that of gj(cos 6;) varies with
j, so that the simultaneous equations must be solved
by use of a weightened least-squared method, as pro-
posed by Roe and Krigbaum.23

In the case of the orthorhombic unit like polyethylene,
a given vector rj at ©; and @; is equivalent to following
seven vectors: rj (1) at ®; and —®;j, (2) at ©; and 7—®;,
(3) at ©; and & + ®j, (4) at 7—0; and ;, (5) at 7—0O;
and —®;j, (6) at 7—0;j and n+®j, (7) at 7—0; and 7—&;.
Accordingly, n must be even, and consequently Gjon
becomes zero. Thus, egs 26 and 27 reduce tof

Flo = FiooP\(cos ©)) +

| (| — n)|
2 20+ 1) FionP)'(cos ©;) cos n®; (29)
and
+1
47 w(0,n) =— + 2;\ FiooP) &+
L —=n)
2 20+ 1) F,OnP (&) cos ny| (30)

For a monoclinic crystal unit like polypropylene (5 =
90°), Gion becomes zero, and eqs 26 and 27 reduce to
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Flo = FlooP\(cos ©)) +

izl _ anp (cos ©)) cos n® (31)
and
1 21 +1
ArPw(0,n) = - + ZZ —F P& +
! (I —n)!
2n_ n )IF,OnP 1 (8) cos ny| (32)

On the other hand, for a monoclinic crystal unit (y =
90°) like poly(vinyl alcohol),”8 cellulose,° and nylon-6,°
n must be even, and eqgs 26 and 27 reduce to

Flo = FiooPi( ®)+2§(I !
100 1(COS
1+

GIOn sin nCDJ-)P,”(cos 0)) (33)

(FIOn cos n®; —

and
47w (0,m) = 22\4{ FiooP1(8) +
Ll - n)l
2 20+ 1! ——(Fyon €0S Ny + Gy, Sin NP, (5)] (34)

The function 2zgj(cos 6;) is available directly using
X-ray diffraction techniques as described in eq 2, and
the orientation factor Fj, may be obtained from eq 3.
Substituting experimental F}, into eq 26, we can ob-
tain the generalized orientation factors Fio, and Gjon by
solving the linear system of eq 26. As discussed before,
©; and ®; in eq 26 are known parameters for every
crystal plane and for the three principal crystallographic
axes, the a- , b-, and c-axes, since they are polar and
azimuthal angles specifying the orientation of the
reciprocal lattice vector with respect to the Cartesian
coordinate of a crystal unit. Namely, the Ith-order
orientation factors, Fion and Gjon, for a triclinic crystal
u_nit may be determined, when the orientation factors
Fl, can be obtained for the crystal planes of the num-
ber of (21 + 1) (see eq 26).

For a monoclinic crystal unit like polypropylene, the
Ith-order orientation factors, Fion (I; even and odd), may
be obtained by measuring the orientation factors Fj,
concerning (I + 1) crystal planes (see eq 31). For poly-
(vinyl alcohol) and nylon-6, the Ith-order orientation
factors, Fion and Gion (I; even), may be determined by
measuring the orientation factors F}, concerning the
crystal planes of the number of (I + 1) (see eq 33). As
reported by a number of papers,3>6 Fyg, (I; even) for an
orthorhombic unit like polyethylene may be determined
by measuring the orientation factors F|, concerning
(/2 + 1) crystal planes (see eq 29).

Here it should be noted that the series expansion
becomes higher as the distribution of 2zqj(cos 6;)
becomes sharper. Accordingly, the estimation of the
orientation distribution functions of the a-, b-, and
c-axes becomes most complicated for a triclinic crystal
unit. This indicates that the estimation becomes impos-



1328 Matsuo et al.

sible for the highly oriented films. This shall be dis-
cussed later in detail.

Now, we shall discuss the popular treatment for a
triclinic crystal unit. The second-order orientation fac-
tor, F2on and Gaon (at | = 2 in eq 26), can be obtained by
eq 35, when the factor F), can be obtained for five
crystal planes.’”

2 (2 —n)!
——(F 5o, COS ND; —
& +ny " :

G0, SiN N®;)P;(cos ©;) (35)

Flo = FaooP2(C0s ©) + 2

This means that the second-order orientation factors
of three principal crystallographic axes, the a- , b-, and
c-axes, which cannot be measured by the X-ray diffrac-
tion technique, can be obtained from the second-order
orientation factors of five crystal planes with high
diffraction intensity. In other words, this estimation
must be adopted for the evaluation of the second-order
orientation factor of the a-, b-, and c-axes of a triclinic
crystal unit such as PET, PBT, and nylon-66. Even so,
most of the estimations?® have been carried out by using
a sort of convenient method that was proposed by
Wilchinsky.?* The estimation is essentially wrong.
Incidentally, the orientation factors of the a-, b-, and
c-axes for monoclinic and orthorhombic units can be
estimated from F}, measured for three and two crystal
planes, respectively, in accordance with Wilchinsky’s
method.24

In accordance with the mathematical treatment de-
scribed before, the orientation distribution function of
large number of crystal planes must be measured by
the X-ray diffraction technique to obtain the orientation
distribution of the a-, b-, and c-axes of PET and PBT
with a triclinic crystal unit from the orientation distri-
bution function of crystallites. This paper, as the most
difficult example, deals with the trial for evaluating the
orientation functions of the a-, b-, and c-axes of a drawn
PBT film.

Results and Discussion

In actual estimation of the orientation distribution
function of crystallites, we must consider the difficulty
in carrying out peak separation by eq 1. Namely, there
are some crystal planes whose Bragg angle reflections
are located very close to each other. If the jth overlapped
peak contains crystal planes with the number of i, the
composed function gj(cos ;) includes the contribution
of several planes as follows:

N;i

2mqj(cos 6;) = 27 ) C;q;(cos 6)) (36)

The concept underlying eq 36 was first presented by
Roe and Krigbhaum.?® N; is the number of the peak
separated from jth superposed peak, and Cji is the
relative (normalized) weight for the vector rj. Before
the numerical calculation by computer, initial values of
Cji are given by

C;= (37)
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Figure 2. Orientation distribution function 2zqj(cos 6;) of the
(100) and (104) planes of PBT films with A = 1.75 and 3.5:
(open circles) observed results; (solid curves) calculated by
seires expansion up to | = 6, and (dotted curve) up to | = 18.

where Fj; is the structure factor of the ith crystal plane
separated from the jth overlapped peak. In this case,
eq 26 may be rewritten as follows:

N;
Flo = F,OOZCjiP,(cos 0) +
£

LA-ny N
2y —(F C..P,(cos ©;) cos n®;, —
£ (l + n)!( IOnI: ji I( JI) ji

Ni

Gion » C;iP'(cos ©;) sin nd;;) (38)
£

The individual functions 2xgj(cos 6;) can be obtained
for 11 crystal planes, and the superposed function was
obtained for a overlapped peak of the (101) and (012)
planes. The estimation for the other crystal planes was
impossible, and then the number of j (the number of
crystal planes) becomes 13. In this case, series expan-
sion in eq 26 cannot be beyond | = 6 to solve eq 38. Such
few series expansion contains a big restriction for
determining the curve profile of 2zgj(cos 6;). Namely,
the experimental curves of 27 gj(cos 6;) must be smooth.

Figure 2 shows the observed and calculated 2sq;(cos
0;) of the (100) and (104) planes measured for the
specimens with A = 1.75 and 3.5. The observed curves
represent as open circles. The solid and dotted curves
are obtained by series expansion up to | = 6 and 18,
respectively. The calculated curves can be obtained by
using eqs 1—3 and eq 28. The good agreement between
the experimental and calculated curves can be achieved
by the expansion up to | = 18, when the experimental
curves show sharp profile. However, the series expan-
sion must be terminated up to | = 6, since PBT films
with crystallinity less than 33%, cannot provide the
distributions of 2nqj(cos 6;) for more than 13 crystal
planes. This indicates that the orientation of crystallites
for the specimen with 1 = 3.5 cannot be evaluated since
series expansion needs up to higher order to achieve
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Table 2. Diffraction Angle 260g, Polar Angle 0;, Azimuthal
Angle ®;, the Weighting Factor pj, and the Second-Order
Orientation Factor

crystal plane 26g O; D; Fho i
(100) 23.38  90.00 0.00 —0.2980 1.0000
(111) 2535 68.35 32487 —0.2860 1.0000
(010) 17.25 90.00 61.41 —0.3880 1.0000
(011) 16.17 61.78 103.97 —0.2410 0.2920
(110) 2160 90.00 314.44 -0.3170 0.0661
(101) 19.90 67.36 4.09 —0.3120 0.0842
(012) 19.85 3948 276.25 0.0180 0.0157
(112) 2410 50.43 106.40 0.0968 0.1261
(111) 20.77 6835 121.39 —0.0983 0.0788
(011) 2242  69.99 51.54 —0.2800 0.0586
(104) 3150 11.99 306.39 0.4100 0.2130
(001) 9.11 33.10 15.20 0.1470  0.6260
(013) 26.42 29.17 118.86 0.4790 0.1170
a-axis 60.48 33592 —0.2350
b-axis 90.00 90.00 —0.2750
c-axis 9.70  270.00 0.4670
c'-axis 0.00 0.00 0.5730

good curve fitting for 2zqgj(cos 6;) with a sharp profile.
Accordingly, the following evaluation is done only for
the specimen with 4 = 1.75. This is the very serious
problems for crystalline polymers with a triclinic crystal
unit. As for polyethylene, 13 crystal planes allow the
series expansion up to | = 24, which is enough to
reappear 2mq;(cos 6;).

As a first step, the generalized orientation factors Fon
and Gjpn must be determine by solving eq 38 based on
a least-squares method. In doing so, the needed values
of ©; and ®; can be obtained from a crystal unit of PBT
as have been proposed by Yokouchi et al.,?®> Hall et al.,13
and Desborough et al.?6 In this paper, the values are
listed in Table 2, which were calculated by a crystal unit
of o form proposed by Yokouchi et al.?®> Thus, Fj,
calculated from Fjon and Gjon by eq 38 lead to 2xqgj(cos
0;) by using eq 28. The resulting calculated curves must
be in good agreement with the curves calculated from
eq 2 obtained experimentally by X-ray diffraction mea-
surements. Namely, one must confirm the accuracy of
the experimental data. For this purpose, weighting
factors p; were assumed initially to be nearly propor-
tional to square of the structure factor and were
subsequently varied to obtain the best fit between
experimental and calculated results by the simplex
method.?” In actual calculation by computer, pj is fixed
to be unity for the (110), (111), and (010) planes with
strong diffraction intensity. A mean-square error R
between the calculated factor (Fly)ca and recalculated

factor (F{O)recal was obtained using

zzpj[(F{O)cal - (F{O)recal]
J
R =

Jz ij[(':{o)cal]

As described above, we recalculated F‘,O, in turn, from
the values of Fip, and Gjon, assuring the minimized value
of R in eq 39 by best fitting of p; and further calculated
2nqj(cos 6;). The value of R in eq 39 was 11.5%. The
values of p; are listed in Table 2.

Figure 3 shows the observed orientation functions of
27nqj(cos 6;) (open circles) and the recalculated functions
(solid curves). It is evident that fairly good agreement
between observed and recalculated distribution func-
tions was observed, even for the less accurately crystal

(39)
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planes with lower weighting factors. The slight dis-
agreement is due to termination error of the spherical
harmonics up to | = 6. To achieve better agreement
between observed and recalculated curves, series ex-
pansion needed must be higher order than | = 6. As
discussed before, it is impossible to obtain more than
17 curves of 2zgj(cos 6;) for the present PBT specimen
with low crystallinity.

Figure 4a shows the orientation distribution function
of crystallites w(0,n) calculated from eq 27 by using the
coefficients Fjon, and Gjon Which are determined from eq
38 with I limited to 6. As can be seen from this figure,
several highly populated regions exist, which complicate
the detailed analysis of the orientation mode of crys-
tallites of PBT. Namely, in the range of » from 0 to 360°,
w(6,m7) shows a considerable dependence of », having
abnormal populated regions around » = 20, 130, 200,
and 280°. These regions must be artifacts of expansion
of 27gj(cos 6;) into infinite series of spherical harmonics.
Hence, the real distribution is shown in Figure 4b after
eliminating the artifacts. The maximum population of
w(6,n) appears at 6 = 0°. This is surely real population
characterizing the orientation of PBT crystallites under
uniaxially elongation. The profile indicates that the
orientation of PBT crystallites is out of the framework
of a floating model associated with affine mode. If
orientation follows affine mode, the contour map with
maximum population shows a circular profile indepen-
dent of . Namely, such considerable 5 dependence is
due to the specific rotation of crystallites around the
c-axis as has been observed for the orientation of
crystallites of poly(vinyl alcohol)”# and nylon-6° films.
If w(0,n7) shows a circular contour map having a maxi-
mum peak at 6 = 0° showing a random rotation of
crystallites around their c-axis, all 2zqj(cos 6;) of the
(hk0) plane showed the same curves.

The orientation distribution functions of the a-, b-,
and c-axes in addition to the c'-axis perpendicular to
the a—b plane can be determined by substituting the
values of ©®; and ®; for each axis (listed in Table 2) into
eq 26 and by using eq 27. Figure 5 shows the results.
The functions of the c- and c'-axes show a monotonous
decreasing curve, indicating the simple preferential
orientation with respect to the stretching direction. The
functions of the a- and b-axes have two peaks at 6; = 0
and 90° and a valley around at 6; = 35°, which indicates
two rotational modes of crystallites around their c-axis.

Finally, we shall check whether the orientation of the
c-axes follows an affine fashion given by the following
equation:28

13
" 202% — (13 — 1) cos? 6} 32

w(6) (40)

Figure 6 shows the results. The curves show a peak at
0; = 0° and the peak becomes shaper with increasing
draw ratio of 1. It is seen that the function at A = 1.75
is in good agreement with that of the c-axis shown in
Figure 5. This indicates that the orientation of the
c-axes follows a floating model associated with an affine
mode and the a- and b-axes take characteristic rotation
around the c-axis. Such rotation is probably thought to
be due to the deformation of superstructure like spheru-
lites characterizing untwisting of crystal lamella and
reorientation of crystallites within the lamella. The good
agreement between observed and recalculated 27q;(cos
0;) is very important to assure the accuracy of observed
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Figure 3. Observed orientation functions of 2zzg;(cos 6;) (open circles) and the recalculated functions (solid curves) for the indicated
crystal planes of a PBT film with 4 = 1.75.
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Figure 4. Orientation distribution function w(6,7) of crystallites of a PBT film with A = 1.75: (a) w(0,n) calculated from eq 7

directly; (b) w(6,n) eliminating artificial error.

results of 2;rgj(cos 6;). Furthermore, the accuracy of the
values of the second and fourth moments, Fjo, and Gjon,
provides the clear relationship between Young's modu-
lus and orientation distribution of crystallites. Namely,
the relationship between crystalline compliance (and/
or stiffness) and molecular orientation can be formu-
lated by using the fourth-order moments, Fio, and Giop,
if a polymeric system is perfectly crystalline. For actual
polycrystalline systems, the fourth-order orientation

factor Fion (2 < | < 4) for amorphous chain segments
are needed in additionto Fion (2 <1 <=4and0 =< n < 4)
and Gionh 2 <1 <=4 and 0 < n < 4) of crystallites to
calculated Young's modulus in films and fibers as a
function of crystallinity on the basis of the composite
structural model.2%-3% However, birefringence and infra-
red and dye dichroisms provide only the second-order
orientation factor.3! On the other hand, polarized fluo-
rescence provides the fourth-order orientation factor of
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Figure 6. Orientation distribution function calculated by a
floating model at the indicated 1.

amorphous chain segments. The polarized fluorescence
was first applied to the estimation of molecular orienta-
tion by Nishijima et al.,32 and the theoretical estimation
was done by Kimura et al.3® The further development
was done by Monnerie and Jarry, and their method was
applied to the detailed estimations of amorphous chain
orientation of polypropylene3* and PET.35
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Finally, we must emphasize again that the estimation
for the orientation distribution function of crystallites
as well as the functions of the a-, b-, and c-axes for
drawn PET and nylon-66 films is expected to be much
easier than that for drawn PBT films because of their
higher crystallinity.

Conclusion

The orientation of crystallites with a triclinic crystal
unit was evaluated in terms of orientation distribution
function, and the numerical calculation was carried out
for a PBT film elongated uniaxially. The orientation
distribution function w(6,n) of crystallites was calculated
by using the functions of the reciprocal lattice vectors
of 13 crystal planes. The functions of the reciprocal
lattice vectors were recalculated from w(0,7). The re-
calculated functions were fairly in good agreement with
the observed ones. The orientation of three principal
crystallographic axes, a-, b-, and c-axes could be evalu-
ated in terms of the orientation distribution function.
As a result, the orientation of the c-axes oriented
affinely with respect to the stretching direction and the
a- and b-axes took a characteristic mode associated with
the rotation of crystallites around their own c-axis. This
is probably attributed to the characteristic deformation
of superstructure like spherulites and/or rods associated
with untwisting of crystal lamella and reorientation of
crystallites within the lamella.
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